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a b s t r a c t
We briefly recall the concept of multiscale convergence, which is a generalization of two-
scale convergence. Then we investigate a related concept, called very weak multiscale
convergence, and prove a compactness result with respect to this type of convergence.
Finally we illustrate how this result can be used to study homogenization problems with
several scales of oscillations.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
The origin of homogenization theory is the problem of finding the macroscopic properties of strongly heterogeneous
materials. The mathematical approach to this is studying a sequence of boundary value problems where a parameter ε,
associatedwith the length scale of the heterogeneities, tends to zero. The sequence {uε} of solutions converges to the solution
to a limit problem, which gives the macroscopic description of the problem. This limit problem is explicitly described in
terms of the solutions to so-called local problems, which, compared to the original equation, are easy to solve.
A few different methods have been developed for the study of this limit process. One of them is the two-scale conver-
gence method, introduced by Nguetseng in 1989 [1], and further developed by Allaire [2]. The generalization to several
scales, multiscale convergence, was studied by Allaire and Briane [3]. In this work we consider a related concept of conver-
gence, first introduced by Holmbom in 1997 [4], for the purpose of finding local problems in parabolic homogenization. In
2007 a compactness result for the same kind of convergence but in a non-periodic setting was proven by Nguetseng and
Woukeng [5]. A version of this type of convergence has also been applied in [6]. This concept of convergence, which is called
very weak two-scale convergence, is reminiscent of two-scale convergence in the sense that it manages to capture oscilla-
tions on a microscopic scale. It can be applied to sequences which are not bounded in L2(Ω) and the class of test functions
is more restricted than for usual two-scale convergence.
In this work we make a generalization to several scales and prove a compactness result. We also very briefly exemplify
how it can be used to find a local problem in a certain homogenization problem.
2. Multiscale convergence
Let us recall the definition of multiscale convergence, given in [3], where Y n = Y1×Y2×· · ·×Yn and Yk, k = 1, 2, . . . , n,
are N-dimensional unit cubes.
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Definition 1. Let εk (ε), k = 1, 2, . . . , n, be functions such that εk (ε) → 0 as ε → 0. We say that a sequence {uε} in
L2 (Ω) (n+ 1)-scale converges to u0 ∈ L2 (Ω × Y n) if∫
Ω
uε(x)v
(
x,
x
ε1
,
x
ε2
, . . . ,
x
εn
)
dx→
∫
Ω
∫
Yn
u0(x, y1, y2, . . . , yn)v(x, y1, y2, . . . , yn)dyndyn−1 · · · dy1dx
for any v ∈ L2 (Ω; C] (Y n)) .We write uε n+1⇀ u0.
To obtain a compactness result we need certain assumptions on the scales. We say that the scales are separated if
lim
ε→0
εk+1
εk
= 0.
The scales are called well-separated if
lim
ε→0
1
εk
(
εk+1
εk
)m
= 0
for some positive integer m. For {uε} bounded in H1 (Ω) there is also a characterization of multiscale limits for gradients.
The result is the same for separated and well-separated scales, but the proofs are different.
3. Very weak multiscale convergence
In Corollary 3.3 in [4] a new concept of convergence was introduced with the aim of homogenizing parabolic equations
with both spatial and temporal oscillations. Omitting the peculiarities for evolution function spaces it was obtained that∫
Ω
uε(x)− u(x)
ε
v(x)ϕ
( x
ε
)
dx→
∫
Ω
∫
Y
u1(x, y)v(x)ϕ(y) dydx
for v ∈ D (Ω) and ϕ ∈ C∞] (Y ) /R, where {uε} convergesweakly inH10 (Ω) to u and u1 is the correction term in the two-scale
limit of gradients; see Theorem 4.
A closely related result was obtained by Nguetseng in [5] in the more general context ofΣ-convergence. Translating to
the periodic setting it was proven that for any bounded sequence {uε} in H10 (Ω)we obtain that∫
Ω
uε(x)
ε
v(x)ϕ
( x
ε
)
dx→
∫
Ω
∫
Y
u1(x, y)v(x)ϕ(y) dydx
up to a subsequence for the same test functions as above.
We define the corresponding type of convergence for the case of more than one frequency of oscillation.
Definition 2. We say that {gε} (n+ 1)-scale converges very weakly to g0 if∫
Ω
gε(x)v
(
x,
x
ε1
,
x
ε2
, . . . ,
x
εn−1
)
ϕ
(
x
εn
)
dx
→
∫
Ω
∫
Yn
g0(x, y1, y2, . . . , yn)v(x, y1, y2, . . . , yn−1)ϕ(yn) dyndyn−1 · · · dy1dx
for any v ∈ D(Ω; C∞] (Y n−1)) and ϕ ∈ C∞] (Yn) /R. We write gε
n+1
⇀
vw
g0.
The veryweakmultiscale limit is unique ifwe require that the integral of g0with respect to yn over Yn is zero.Without this
requirement the multiscale limit of any sequence that multiscale converges in the sense of Definition 1 is always found also
among the corresponding veryweak limits. For the proof of the compactness result belowweneed the following proposition,
proven in [3].
Proposition 3. Let v ∈ D(Ω; C∞] (Y n)) be a function such that∫
Yn
v(x, y1, y2, . . . , yn) dyn = 0
and assume that ε1, ε2, . . . , εn are well-separated. Then
{
ε−1n v
(
x, x
ε1
, x
ε2
, . . . , x
εn
)}
is bounded in H−1 (Ω).
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Theorem 4. Let {uε} be a bounded sequence in H10 (Ω) and assume that the scales are well-separated. Then there exists a
subsequence such that
uε ⇀ u in H10 (Ω) ,
∇uε n+1⇀ ∇u+∇y1u1 +∇y2u2 + · · · + ∇ynun
and
uε
εn
n+1
⇀
vw
un,
where u ∈ H10 (Ω), u1 ∈ L2(Ω;H1] (Y1)/R) and uk ∈ L2(Ω × Y k−1;H1] (Yk)/R) for k = 2, . . . , n.
Proof. The first two conclusions are found in [3]. Let us first note that any ϕ ∈ C∞] (Yn) /R can be written as
ϕ = ∆ynw = ∇yn ·
(∇ynw) = ∇yn · r
for somew ∈ C∞] (Yn) /R (see e.g. Remark 3.2 in [5]). We obtain∫
Ω
uε(x)
εn
v
(
x,
x
ε1
,
x
ε2
, . . . ,
x
εn−1
)
ϕ
(
x
εn
)
dx
=
∫
Ω
uε(x)
εn
v
(
x,
x
ε1
,
x
ε2
, . . . ,
x
εn−1
) (∇yn · r) ( x
εn
)
dx
=
∫
Ω
uε(x)v
(
x,
x
ε1
,
x
ε2
, . . . ,
x
εn−1
)
∇ · r
(
x
εn
)
dx
= −
∫
Ω
∇uε(x) · v
(
x,
x
ε1
,
x
ε2
, . . . ,
x
εn−1
)
r
(
x
εn
)
dx−
∫
Ω
uε(x)∇xv
(
x,
x
ε1
,
x
ε2
, . . . ,
x
εn−1
)
· r
(
x
εn
)
dx
−
∫
Ω
uε(x)ε−11 ∇y1v
(
x,
x
ε1
,
x
ε2
, . . . ,
x
εn−1
)
· r
(
x
εn
)
dx
− · · · −
∫
Ω
uε(x)ε−1n−1∇yn−1v
(
x,
x
ε1
,
x
ε2
, . . . ,
x
εn−1
)
· r
(
x
εn
)
dx.
We note that∫
Yn
r(yn) dyn =
∫
Yn
∇ynw(yn) dyn = 0 (1)
because of the Yn-periodicity of w and, due to Proposition 3, it holds that
{
ε−1n ∇ykv
(
x, x
ε1
, x
ε2
, . . . , x
εn−1
)
· r
(
x
εn
)}
, k =
1, 2, . . . , n − 1, is bounded in H−1 (Ω). Moreover, {uε} is bounded in H10 (Ω). Hence, all terms except the first two above
vanish as ε→ 0 and a passage to the limit yields
−
∫
Ω
∫
Yn
(∇u(x)+∇y1u1(x, y1)+ · · · + ∇ynun(x, y1, y2, . . . , yn))
× v(x, y1, y2, . . . , yn−1)r(yn)+ u(x)∇v(x, y1, y2, . . . , yn−1) · r(yn) dyndyn−1 · · · dy1dx
= −
∫
Ω
∫
Yn
(∇u(x)+∇y1u1(x, y1)+ · · · + ∇ynun(x, y1, y2, . . . , yn))
× v(x, y1, y2, . . . , yn−1)r(yn)−∇u(x) · v(x, y1, y2, . . . , yn−1)r(yn) dyndyn−1 · · · dy1dx
= −
∫
Ω
∫
Yn
(∇y1u1(x, y1)+ · · · + ∇ynun(x, y1, y2, . . . , yn)) · v(x, y1, y2, . . . , yn−1)r(yn) dyndyn−1 · · · dy1dx.
Obviously, (1) implies that all terms except the last one vanish. An integration by parts of the remaining term with respect
to yn shows that
lim
ε→0
∫
Ω
uε(x)
εn
v
(
x,
x
ε1
,
x
ε2
, . . . ,
x
εn−1
)
ϕ
(
x
εn
)
dx
=
∫
Ω
∫
Yn
un(x, y1, y2, . . . , yn)v(x, y1, y2, . . . , yn−1)∇yn · r(yn) dyndyn−1 · · · dy1dx
=
∫
Ω
∫
Yn
un(x, y1, y2, . . . , yn)v(x, y1, y2, . . . , yn−1)ϕ(yn) dyndyn−1 · · · dy1dx
and the proof is complete. 
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Very weak multiscale convergence does not imply multiscale convergence. Note that for a bounded sequence {uε} in
H10 (Ω)
{
ε−1n uε
}
is not in general bounded in L2 (Ω) and hence does not multiscale converge.
Remark 5. In [7] it is proven that for any bounded sequence {uε} in H10 (Ω) and ε1 = ε, ε2 = ε2 there is a subsequence such
that
uε(x)− u(x)− εu1(x, xε )
ε2
3
⇀
vw
u2(x, y1, y2).
4. A note on parabolic homogenization
The result in Theorem4 can be generalized along the lines of [4,6] to fit evolution problems. Let us just briefly demonstrate
how this kind of extension of Theorem 4 can be applied to find one of the local problems for
∂tuε(x, t)−∇ ·
(
a
(
x
ε
,
x
ε2
,
t
ε
,
t
ε4
)
∇uε (x, t)
)
= f (x, t) inΩ × (0, T ) ,
uε (x, t) = 0 on ∂Ω,
uε (x, 0) = g(x) inΩ.
(2)
We introduce the test function
vε(x, t) = ε2v1(x)v2
( x
ε
)
ϕ
( x
ε2
)
c1(t)c2
(
t
ε
)
c3
(
t
ε4
)
,
v1 ∈ D (Ω) , v2 ∈ C∞] (Y1) , ϕ ∈ C∞] (Y2) /R, c1 ∈ D (0, T ) , c2, c3 ∈ C∞] (0, 1), in the weak form of (2) and obtain
−
∫ T
0
∫
Ω
∫ 1
0
∫ 1
0
∫
Y2
u2(x, t, y1, y2, s1, s2)v1(x)v2 (y1) ϕ (y2) c1(t)c2 (s1) ∂s2c3 (s2)
+ a(y1, y2, s1, s2)
(∇u(x, t)+∇y1u1(x, t, y1, s1, s2)+∇y2u2(x, t, y1, y2, s1, s2))
× v1(x)v2 (y1)∇y2ϕ (y2) c1(t)c2 (s1) c3 (s2) dy2dy1ds2ds1dxdt = 0
which is the weak form of one of the local problems for (2).
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